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Mean Temperature Field Effect on Acoustic
Mode Structure in Dump Combustors
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The acoustic modes of a dump combustor are calculated in this paper with a finite element method for
three different temperature fields determined experimentally. It is shown that the inhomogeneous temperature
distribution affects the eigenfrequencies and modifies the acoustic pressure and velocity distributions cor-
responding to the various modes. It is suggested that such analysis may indicate why certain acoustic modes

favor an unstable behavior of the combustor.

Nomenclature
¢, Cg =local and reference sound speed N
Cpl? = specific heat of K™species, (Cp = E CpK)
K=1
I =specific body force of K™ species
h =enthalpy of the mixture defined in Eq. (6)
[K] =stiffness global matrix
Lp =reference length
[M] =mass global matrix
My . =molar mass of K™ species
N =local index of refraction, =c/c
Ne =number of finite elements
p =pressure of the mixture
q =heat flux defined in Eq. (7)
R, =universal perfect gas constant,
N
(R:Ro Y YK/MK)
) K=1
t =time
T =temperature of the mixture
v =velocity of the mixture
vl =diffusion velocity of the K™ species
Wy =mass rate of production of the K™ species per
unit volume
X,y = cartesian coordinates
Yy =mass fraction of the K™ species
¥ =ratio of specific heats
£¢ =dimensionless local coordinates
p =specific mass of the mixture
T =viscous stress tensor
b,0,0, =dissipation function, test function, and
equivalence ratio
w,Q =dimensional and dimensionless angular
frequencies
v,V = gradient and divergence operators

< >,{ } =line and column vector
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Subscript

( )z =reference quantity

Superscript

O) =steady component

( )’,(") =temporal and spatial components of acoustic

perturbation

1. Introduction

OMBUSTION instabilities occur in many practical

systems. Such instabilities are known to enhance heat
transfer rates at the combustor wall and produce vibrations
of large amplitude. In extreme cases, important structural
damage and loss of control of the propulsion system are
observed. When such phenomena are encountered in the
development of a system, the usual practice is to follow a
process of trial and error with the objective of suppressing or
at least reducing the instability.

One type of combustion instability, which involves
acoustic coupling, has been extensively studied in the past
thirty years by a large number of authors. Some important
studies on the subject were conducted by Crocco,! Crocco
and Cheng,2 Rogers and Marble,® Culick,* Barrére and
Williams,® and Crocco.® A broad review of combustion in-
stabilities in liquid rocket engines is contained in a classical
volume edited by Harrje and Reardon.”

Some recent low-frequency instability problems occurring
in ramjets and afterburners have given rise to new analytical
developments by, for example, Marble and Candel,® Marble
et al.,? Subbaiah,’® and Le Chatelier and Candel.!! Recent
experiments by Keller et al.,'? Bray et al.,'* Davis,!* and
Moreau et al.,!3 provide new information on the problem.
Parallel to these studies authors, such as Culick and Rogers!®
and Yang and Culick,!” have conducted low-frequency in-
stability studies in ramjets.

According to Culick,* high frequency instabilities, involv-
ing transverse modes of oscillations of the combustor, ap-
pear when the gain mechanisms (essentially the combustion),
are stronger than the loss mechanisms (viscous effects, heat
transfer, nozzle damping). An accurate analysis of the
balance between gain and loss mechanisms requires the
characterization of the acoustic modal structure involved in
the process. It has been shown by Rogers and Marble’ that a
precise knowledge of the modal structure is necessary to ex-
amine how acoustic oscillations may trigger the nonsteady
combustion process.
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To date, the modal structure has generally been deter-
mined under the assumption of constant temperature and
sound speed in the combustor. However, axial changes in
temperature have been taken into account in recent studies
of low-frequency instability in ramjets by Clark,'® and Clark
and Humphrey,! and in premixed ducted flames by Moreau
¢t al.’s Axial changes in temperature are also taken into ac-
count in studies of sound propagation in ducts and combus-
tion cans by Prasad and Crocker,® Kapur et al.,?! and Cum-
mings.2? El-Raheb and Wagner?* have recently exammed the
influence of temperature inhomogeneities on the transverse
mode structure for resonant axisymmetric cavities.  Recent
experimental results by Darabiha? indicate that diverse
temperature fields may exist for different equivalence ratios
in a given combustor. It is then logical to examine how these
temperature distributions influence the higher mode struc-
tures. This analysis may indicate why certain modes trigger
and enhance the nonsteady combustion process while others
are less effective. A precise determination of the modal
structure takmg into account the temperature inhomogeneity
is also useful in the experimental mode identification, and it
may serve as a guide for the choice of suppression devices.

In Section II of this paper, a wave equation is established,
describing acoustic perturbations in an inhomogeneous reac-
tive medium. The acoustic modes, corresponding to the left-
hand side of this equation may be determined with a finite
element formulation, presented in Section III. The results
obtained for the three mean temperature fields are described
in Section IV and discussed in Section V.

II. Theoretical Formulation

The description of acoustic wave generation and propaga-
tion in an inhomogeneous reactive medium may be based on
a wave equation, which will be developed in this section. It is
of course possible to develop this equation in the absence of
sources. Also, modal calculations performed here do not re-
quire the exact form of these source terms. However, a com-
plete wave equation including these terms is derived. This
allows direct modal expansions of the wave field in the
presence of sources. Such representation are, in fact, quite
useful in combustion instability studies.

The general equations for a chemically reactive mixture of
N gaseous species and many alternative expressions, may be
found in Barrere and Prud’homme,?® Williams,26 and
Toong?’:

dp

a—t+V-pv——0 (1)
3 v
—pY+ VoY (v+vR)=wy )

at

3 N
—tpv+V-(pvv)=—-Vp+V-1 + E ofx Yk 3)

a K=1
] dp N
5Pt + Y phv= =V q+—&-;—+d>+ Y oYeRfx @
K=1
N
p=pRT, where R=R, Y, Yy /M )
K=1
N N T
= Y meYy= Y, (h,’§+S c,,KdT)YK (6)
K=1 K=1 Tr

This system, Eqs. (1-6), contains, respectively, the conser-
vation equations of mass, the K™ chemical species, the
momentum, the energy written in the enthalpy form, the
equation of state, and the definition of the mixture enthalpy
(the meaning of the different variables is given in the nomen-
clature at the beginning). The global conservation of mass
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requires

N N
E wg =0 and E pYxvR=
K=1 K=1

The enthalpy balance introduces the dissipation function @
and a heat flux ¢ which, in the absence of radiation effect,
take the following form:

N
®=71Vv; g= —AVT+ Y, pYyhyvR Q)
K=1

Simplification and arrangement may be mtroduced by
neglecting specific body - forces, fx, by introducing the
material derlvatlve, d/dt=9/8t+v-¥v, and by deriving an
equation for the temperature which results from a combina-
tion of the species and energy equatlons The followmg
system is obtamed

dp
L iovov=0
3 Y =0 ®
dv
p—=—VD+ V-1 ©
dt
ar dp
$Cygr==V" q+—d +&— E thK+E hyV -0 YgvR

K=1
10

N
= Y Cx
K=1

is the specific heat of the mixture.
The introduction of Eq. (7) for g transforms Eq. (10) into

C%T-=v )\VT+——+§>— E hywy

N
- Y pYiVRC-VT an
K=1

By dividing Eq. (11) by C,T, using the equation of state
[Eq. (5)], and combining thls equatlon with the mass
balance, one obtains

L4 ! [v AVT+d f} h
— ] . P — w
v dt “pC,T PR
N
dR
Z pYvRC KvT]+—a- (12)

Equation (9) is now rewritten in the form

v 1
—v+—Vfup—-——-V - (13)
dr v o

Equations (12) and (13) may be combined by taking the
divergence of the latter and subtracting the material
derivative of the former:

D R

d( ! )[v)\vT+¢ ﬁ’)hw
dt \pC,T = KK
N

d?
b E pYKVKCK VT] _—d——gnR VV A (14)
K=1
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This wave equatxon is sithilar to, the expréssion established
by Phxlhps”_ in ‘a cldssical analysis of thé aerodynamic
generation of sound in .nonreactive turbulent gas flows.
Doak® and Kotake,® have suggested that this equation has
an essential flaw because terms appearing in the right-hand
side describe various features of the propagation of sound
and should be mcluded in the left-hand side. However, the
terms appearing in the nght-hand side of Eq. (14) shall be
regarded .as source terms genérating pressure waves in the
reactive ‘mixturé. An analysis of the order of magnitude of
each souice term by Kotake’® shows that the dominant
echanisms are thé chemical heat release fluctuations and
velocity perturbations. Neglecting all other terms, we obtain

¢ df1 d 1
v 7V&”p [7 dte"p] df [pCT E h"w"]

dt
-V 5y

For the duinp combustor considered in this work, the low
speed of the reactive flow permits us to neglect the convec-
tive term in thé material derivative: d/d¢f=23/d¢. It is also as-
sumed that the specific heat ratio is constant. Equation (15)
then becomes }

]—'va:Vv
(16)

V¢V atle"p_ [

This last equation is not linearized and, therefore, may be
used to describe finite amphtude waves. However, in many
circumstances, the pressure waves are relatively weak, and
linearizationi is, therefore, possible. The pressure may then
be expressed as a sum of a mean and a fluctuating compo-
nent: p=p+p’, with Ip’/pl<1. Then to p=p’/p. In most
practical combustors, the mean pressure does not change by
more than a few percent, and the spatial derivative of p may
be neglected. This yields
?p’

v-2vp’ -~ Y

=i[(7_1) E thK] “'YPVV:VV
ot K=1 ’ .
an

In addition to this equation, an expression for the acoustic
velocity is needed. This is obtained by linearization of the
momentum equation, Eq. (13), and by neglecting the viscous
stresses. This gives

a'——"‘v ! 18
at b a3

Equatlons (17) and (18) describe the propagation and
generation of small perturbations in a redctive mixture.

To perform a modal analysis, it is first assumed that all
waves are harmonic. and contain the common factor
exp(—iwf). The modes are the -eigensolutions of the
Helmboltz equation for an inhomogeneous medium

V-CVpi+wip=0 19)
and the corresponding velocity is described by
V=(piw) "'V (20)

These equations must be solved under the usual boundary
conditions:

¥-n=0, on a rigid wall; and =0, piane exit  (21)
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This set of equations is nondimensionalized by introducing
the following reduced variables and operators:

Vi=LpV D, =p/yDr;=V,=V/cg, Q=wLg/Cq;N*=c%/c?

2)

With these definitions, Eqgs. (19) and (20) become
V. (N"2V,5,)+ 025, =0 (23)
v, = (N2Q) "'V, p, (24)

All variables are now dimensionless, and it is possible to
omit the (;) and () symbols in the following dévelopments.

III. Finite Element Formulation

The comibustor under study is rectangular with a square
cross section. The mean flow is nearly two dimensional and
this property also characterizes the miain modes of oscilla-
tions. Then, it is natural to use a two dimensional finite ele-
mefit . formulation of the Galerkin type3!'32 to solve the
problem.

A test function ¢ which satisfies the boundary conditions
[Eq. (21)] is now introduced. Equation (23) is multiplied by
¢ and integrating over the surface of the cavity, this gives

SS V- (N2 Vp)d>dS+QZSS $pdS=0 @5)
The first integral may be replaced by

Ss V- (N2vp)pdS= Ss V- (6N-2vp)dS

- L N-2vp-v¢dS (26)

Using Green’s theorem and the'boundary conditions on ¢
and p, it is easy to show that the first term of the right-hand
side of Eq. (26) vanishes. Equation (25) then becomes

- SS N-29p-vodS+ Q2 L opdS=0 @n

The combustor is subdivided into Ne triangular elements.
The variation of the pressure within each element is approx-
imated with a linear polynomial

p=ax+by+c=aE+bf+c;=<Q,>-(p,) (28)
X,y are thé cartesian coordinates for a triangular element,

while £,{ are dimensionless local coordinates of a reference
triangular element:

3 3
x= Y Q0% y= Y, Q &0y, (29
Jj=1 Jj=1

The introduction of Eqgs. (28) and (29) into Eq. (27) yields

Ne

21 [<5”"> (Ss N72<vQ> '(VQx){pn}dS)
_<6p,,>92S& <Q1>‘Q1(p,,}dS]=0 30)

After a reformulation, this equation is presented as an
eigenvalue problem:

[K]-Q*[M] = [0]
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Temperature

a) ¢, =0.71. Traax : 1900 K Trnin =300 K
Bt
b) ¢, =0.747. Temperature
Tmax = 1960 K Tmin = 300K
’ !
Temperature
o) 6;=0.878,  |max=2153K Tmin =300 K

Fig. 1 Temperature distribution in the dump combustor deduced
from gas measurements. The inlet plane is shown on the left of the
figure. ’

where
Ne Ne
K1= Y, (K= Y, SS N-2<vQ,>-vQ,dS
e=1 e=1 €

Ne

Ne
=Y 1= 5 | <e>-tones ey
e=1 e

e=1

The stiffness and mass global matrices’' [K] and [M] are
formed by assembling the elementary matrices [K,] and
[M,], which relate to a single triangular element of surface

-
The eigenvalues Q corresponding to each acoustic mode
may be evaluated with a Jacobi algorithm. The pressure gra-
dient components and the amplitude of acoustic velocity are
then evaluated.

IV. Numerical Results

To compare the modes of the combustor, three mean
temperature fields, determined experimentally from gas
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[

Tmin = 300K

a) Temperature Tmax. = 1900 K

a) ¢, =0.71.

im.n= 300 K brf:rﬁ_;érature - Tmax = 1960 K
b) ¢, =0.747.

Tmin =300K ¢ Temperature |

I -

1|‘ s

J..-i
c) ¢, =0.878. | A

Fig. 2 Discretized temperature field distribution in the dump
combustor.

analysis measurements,?* are presented for three mass flow
rates and equivalence ratio in Fig. la-c. The mean field
presented on Fig. 1 correspondence to ¢,=0.71. The
periodicity at the injection plane does not persist down-
stream; the three inner jets strongly interact while the two
outer jets are deflected toward the walls. Combustion prod-
ucts recirculate behind the backward facing steps which
separate the jets in the injection plane. For an equivalence
ratio of ¢,=0.747 (Fig. 1b), the jets are interacting by
groups of two, while the lower jet is isolated. For ¢, =0.878,
the jets remain separated downstream (Fig. Ic).

To calculate the eigenmodes, it is necessary to idealize the
experimental temperature fields. For computational simplic-
ity, the three fields are symmetrized. In addition, the gas
analysis measurements cannot be performed near the walls
and the temperature is extrapolated in these regions. The
discretized temperature fields are displayed in Fig. 2a-c. An
examination of the experimental and idealized temperature
fields shows differences which could be due to an imperfect
discretization and the grey scale used for this representation.
These input data are then used to calculate the local refrac-
tion index: N=cg/(yRT)" where cg=344 m/s is a
reference sound speed (the sound speed of an air-propane
mixture for ¢,, =0.8 and T =300 K). The reference length
retained in the calculations is the height of the combustor
Lg=h=0.1 m.

The eigenfrequencies corresponding to the first four eigen-
modes and the three equivalence ratios are presented in
Table 1. The structure of a single mode (17-1L) for the three
equivalence ratios shall now be examined.
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Table 1 Eigenfrequencies of the four first modes for three
equivalence ratios

Modes
f, Hz 1L 2L 17-1L 3L
¢, =0.71 789 2643 3528 4539
¢, =0.747 750 2540 2772 4352
¢, =0.878 896 2932 3453 5063

a) Pressure p=1

a) pressure field. ’

l

Ivil =0

b) Velocity vl =1

b) Velocity field. )

1
Fig. 3 Pressure and acoustic velocity amplitude distributions for
the 17-1L mode and ¢, =0.71.

The pressure and acoustic velocity fields are displayed on a
scale of grey levels in Figs. 3-5. For the lowest equivalence
ratio ¢, =0.71, the pressure amplitude distribution (Fig. 3a)
is qualitatively close to that of a 17-1L mode for at
homogeneous sound speed field under the same boundary
conditions. The acoustic velocity amplitude is displayed in
Fig. 3b. It exhibits strong variations due to the large changes
in local index. Two velocity antinodes are located near the
injection plane and large gradients may be observed in the
reaction zone. An examination of the two other modal struc-
tures shows that the pressure amplitude contours have the
same general shape. However, their spatial location changes
with the equivalence ratio. The acoustic velocity distributions
change even more drastically, and they strongly depend on
the local index values. The velocity amplitude reaches large
values near the inlet plane in the reactive zone. Phase infor-
mation for ‘the pressure is not displayed here because in
eigenmode calculations the phase takes values of 0 and =
depending on the pressure sign. Thus, the phase may be eas-
ily deduced from the plots of Fig. 3 by nodal line location.

Y. Discussion

These calculations provide new information on eigen-
frequencies and modal structures for a simplified dump com-
bustor. It is found that the eigenfrequencies do not change
monotonically with the equivalence ratio. The variation
depends on the maximum temperature reached by the mix-
ture, but the flame structure is also influential. Hence, the
simplified prediction that the eigenfrequencies are propor-
tional to the square root of T fails, This statement is valid
for a homogeneous temperature field, but is not adequate if
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a) Pressure p=1

a) Pressure field. :

b) Velocity fivii=1

b) Velocity field. }

Fig. 4 Pressure and acoustic velocity amplitude distributions for
the 17-1L mode and ¢, =0.747.

a) Pressure p=1

a) Pressure field.

T b) Velocity Iivil = 1

J

b) Velocity field. }
T

Fig. 5 Pressure and acoustic velocity amplitude distributions for
the 17-1L mode and ¢; =0.878.

there are changes in temperature distribution in the
combustor.

The pressure amplitude corresponding to a given mode is
also affected by the temperature field. The acoustic velocity
strongly differs from the homogeneous case. The velocity
amplitude reaches large values in regions where the
temperature has a strong gradient (reaction zones). Concern-
ing the acoustically coupled combustion instabilities, this
may explain why certain modes are easier to trigger than
others.
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